Abstract. We solve the inverse nodal problem of determining the smoothness of the potential function q of the Sturm-Liouville problem using only nodal data. We also give a simple and direct reconstruction formula for any q ∈ L 1 (0, 1) that improves an earlier result of Yang.
Introduction
Consider the Sturm-Liouville problem: We also define the function j n (x) on (0, 1) by j n (x) = max{i :
x}. Hence fix x and n, j = j n (x) implies x ∈ I (n) j . The inverse nodal problem was first studied by McLaughlin [11, 6] . In [10] , extending the method in [12] , we developed reconstruction formulae for the derivatives of the potential function q when q is smooth enough.
(a) When α = β = 0 or α, β > 0,
and for all k = 1, 2, . . . , N,
Here scot γ = 0 if γ = 0; = cot γ otherwise. All the order estimates above are uniformly valid on compact subsets of (0, 1).
It is a natural question to ask if one can determine the smoothness of the potential function q using only nodal data. A simple conjecture would be that if the reconstruction formulae above do converge uniformly on compact subsets for k = 1, . . . , N, then q is C N on (0, 1). This conjecture turns out to be correct once q is assumed to be continuous.
Define the following functions on (0, 1), with j = j n (x) and k 1.
(1) If α = β = 0 or α, β > 0, then
Observe that each F (k) n is a step function. In fact, by the asymptotic expansion of
On the other hand, all F (k) n are continuous on (0, 1) so that their uniform limits are also continuous. They are constructed by replacing each δ k l
The idea of this construction was first given in [12] . Our theorem on the smoothness of q is as follows. This inverse nodal problem seems to have been first posed by Yang [14] , who also gave an indirect reconstruction formula for q by approximating the primitive function g(x) = x 0 q(t) dt, so that q(x) = dg dx almost everywhere. We obtain an improvement of this result by showing that F (0) n is in fact a direct approximation of q ∈ L 1 (0, 1).
With the above theorem established, we also solve the inverse nodal problem on the continuity of q. Thus we may replace q by the continuous function G, because (1.1) only needs to hold almost everywhere.
The inverse problem on the discontinuity of the coefficient functions of the SturmLiouville problem is also interesting. However, it is outside the scope of this paper. The interested reader may consult [1, 4, 5, 8] for recent developments.
Finally, we remark that the asymptotic approximations of l (n) j and δ k l (n) j are essential in this paper. In section 2, we shall develop these approximations and prove theorem 1.2, while theorems 1.3 and 1.4 will be proved in section 3. Proof of lemma 2.2 involves a lengthy asymptotic expansion of l (n) j . It will be given in section 4.
Smoothness of the potential function
The following lemma was given in [8, lemma 2.8] . Similar results appeared earlier in [3] and [7] .
Here, as before,
The following lemma is in fact a refinement of lemma 3.2 in [8] . Its proof follows a similar line of thought and will be delayed until section 4. Equation (2.1) below is fundamental in the proof of theorem 1.3.
Hence in both cases, 
.
. This means, after some estimates,
and so n . The extra term, with j = j n (x), is
Lemma 2.4. If q is
by lemma 2.3. The order estimate is uniformly valid. Therefore F (k) n and F (k) n converge at the same time, and to the same limit.
Proof of theorem 1.2. By (2.2), there exists some η
Hence by the continuity of q and lemma 2.1,
The order estimate is uniformly valid on [0, 1].
For the rest of the proof, we shall only consider the boundary condition α, β > 0. The other cases are similar. In order to avoid the boundary conditions at 0 and 1, we disintegrate the compact subsets of (0, 1) into a union of compact subsets in three subintervals (0, 1 2 ), ( 1 4 , 3 4 ) and ( 1 2 , 1). Without loss of generality, let U be a compact subset of (
n (x). Now choose n to be even, and let n = 2m and j = j n (x), then
).
The second to last equality is valid because l
and by lemma 2.3, as q is continuous,
, so that when n is sufficiently large,
) m j n (
Thus by lemma 2.
Therefore,
The last equality follows from the fact that l
we conclude that q (x) = G (1) (x) and q is also C 1 . At the same time, q = lim n→∞ F
(1) n uniformly on U by lemma 2.4. Inductively,
), 
